Abstract. Let P be a monic irreducible polynomial. In this paper we generalize the determinant formula for h(K + P n ) of Bae and Kang and the formula for h − (K P n ) of Jung and Ahn to any subfields K of the cyclotomic function field K P n . By using these formulas, we calculate the class numbers h − (K), h(K + ) of all subfields K of K P when q and deg(P ) are small.
Introduction
Let A = F q [T ] be the ring of polynomials over the finite field F q with q elements, and k = F q (T ). For each polynomial N ∈ A, one uses the Carlitz module ρ to construct a field extension K N , called the N -th cyclotomic function field, and its maximal real subfield K + N . Let K be any subfield of some K N , and
It is well known that the divisor class number h(K) of K is divisible by the divisor class number h(K
The relative divisor class number of K, denoted by h − (K), is given by h(K)/h(K + ). In a recent paper Bae and Kang [BK] have obtained determinant formulas for h − (K P n ) and h(K + P n ), where P is a monic irreducible polynomial in A. In [JA1] , Jung and Ahn have obtained a determinant formula for h − (K P n ). In this paper we generalize the Bae-Kang determinant formula for h(K + P n ) and the Jung-Ahn formula for h − (K P n ) to any subfield K of K P n . Our proof is much simpler than the proofs of [BK] and [JA1] .
In the classical case Girstmair [G] generalized the Maillet determinant and expressed the relative class number h − (K) of an imaginary abelian number field K in terms of the generalized Maillet determinant. He also computed the relative class number h − (K) when K has a prime conductor and its degree over Q is small. The layout of this paper is as follows. In section 2, we give some notation for cyclotomic extensions and their subfields of rational function fields, and we also state some earlier results needed in this paper. In section 3, we extend Kučera's lemma [Ku, Lemma 2] to the function field case. By using this lemma, we obtain determinant class number formulas for h − (K) and h(K + ) (Theorem 3.2). In section 4, we consider the case of a prime conductor P. Since K P /k is a cyclic extension, all subfields of K P can be characterized by their degrees over k. We obtain reduced determinant class number formulas (Propositions 4.1 and 4.3) by using a primitive root modulo P. In the final section, these reduced formulas are used to calculate 378 S. BAE, H. JUNG, AND J. AHN the class numbers h − (K) and h(K + ) of all subfields K of K P when q and deg(P ) are small.
Throughout the paper, K is assumed to be contained in some cyclotomic function field.
Basic facts and notation
For any nonzero polynomial A ∈ A, let sgn(A) be the leading coefficient of A. A nonzero polynomial A ∈ A is called monic if sgn(A) = 1. We fix a monic polynomial N. For any polynomial A ∈ A, we denote byĀ the unique polynomial such thatĀ ≡ A mod N and deg(Ā) < deg(N ). We also define sgn N (A) = sgn(Ā) and deg N (A) = deg(Ā).
It is well known that the Galois group of K N over k is canonically isomorphic to (A/N ) * . Explicitly, there is an isomorphism given as follows: 
Let K be a finite abelian extension of k which is contained in some cyclotomic function field. By the conductor of K, we mean the monic polynomial N ∈ A such that K N is the smallest cyclotomic function field which contains K.
There are well known class number formulas [Y, BK] 
Determinant class number formulas
Let K be a finite abelian extension of k with conductor N = P n , a power of a monic irreducible polynomial P. Fix a system C of representatives of
in an obvious way. We denote it also by χ.
Lemma 3.1. Let C be any system of representatives of
− defined as multiplication by θ. Clearly the matrix of T with respect to the basis {e χ :
− . Then the matrix of T from X to X is given by (t στ − t στ : σ, τ ∈ C). Since X and X are bases of the free abelian group
− , the transition matrix from X to X has determinant ±1, so we get (i).
For (ii) we consider the linear transformation S of
+ , and the matrix of S from Y to Y is given by (|J K |s στ : σ, τ ∈ C). Since Y and Y are also bases of the free abelian group Z [G K ] + , the transition matrix from Y to Y has determinant ±1, so we get (ii).
For A ∈ M N , let σ A be the restriction of σ A to K. By using Lemma 3.1 and the class number formulas (2.2) and (2.3), we obtain the following determinant class number formulas.
Theorem 3.2. Let K/k be any finite abelian extension with conductor
By Lemma 3.1 (i) and the class number formula (2.2), we get (3.3).
(
Thus by Lemma 3.1 (ii) and the class number formula (2.3), we get (3.4). 
The case of prime conductor
In this section we assume that K has the conductor P , where P is a monic
Choose a primitive root Q modulo P. Clearly we may assume that deg(Q) < deg(P ). For each i ∈ Z, let Q i ∈ M P be the unique element such that
. We note that by (2.1) we have
In this case Theorem 3.2 can be written as follows. 
Thus n 0 = gcd(n,
q−1 ). Since K P /k is a cyclic extension, we can completely determine all subfields, their sign groups and their class numbers by Proposition 4.1.
Lemma 4.2. For each i, j ∈ {0, . . . , n − 1}, we have
(i) 0≤e≤(n/n0)−1 t i+en0 = 0, (ii) s i = s i if i ≡ i mod n 0 , (iii) s 0 + . . . + s n0−1 = −d(P ). Proof. Let S i = {Q i+jn : j = 0, . . . , q d −1−n n } for i = 0, . . . , n − 1. Then {S i : i = 0, .
. . , n − 1} forms a partition of M P . It is easy to see that if σ A = σ
e for some A ∈ M P , then multiplication by A followed by reduction modulo P defines a one-to-one map from S i to S i+e for each i. Suppose that Z P (0, A) appears in the summation of (i) with nonzero coefficient. Since J K is generated by σ n0 and res KP /K (Gal(K P /K + P )) = J K , for any α ∈ F * q we have σ α = σ en0 , and so Z P (0, αA) also appears in the summation of (i) exactly once. Since α∈F * q Z P (0, αA) = 0 by (2.1), we get (i). Suppose that (ii) is true. Then we have
so we get (iii). It remains to prove (ii). Suppose that i = i + en 0 for some e. Then there exists α ∈ F * q with σ α = σ en0 , and so we have
Now we give reduced matrices of the matrices given in Proposition 4.1. Define 
Proof. Consider the matrix (t i+j − t i+j
by Lemma 4.2 (i). By using Lemma 4.2 (i) again, we get (i). From Lemma 4.2 (ii), (iii) and elementary row operations, we can change the matrix in Proposition
Thus we get (ii).
Let be a prime divisor of q − 1. We consider the subfields K of K P of degree over k, which are characterized as follows [An, Lemma 3.2] .
Lemma 4.5. Let K/k be a finite abelian extension with prime conductor P , whose degree over k is .
We calculate the class number h(K) by using Proposition 4.3. We note that if Assume that q is odd. Then the class number of the quadratic subfield of K P can be obtained in a simple form as follows.
Corollary 4.7. Let q be odd. Let X 0 and X 1 be the subsets of M P consisting of quadratic residues modulo P and quadratic nonresidues modulo P , respectively.
where 
we get (ii).
Some numerical examples
Let K/k be a finite abelian extension with conductor P. In this section, we give some numerical examples for the class numbers h − (K) and h(K + ) of K using Proposition 4.3. Here we used MAPLE for the computation. As the k-isomorphisms T → T + α with α ∈ F * q send a monic irreducible polynomial to another monic irreducible polynomial, it suffices to consider only the monic irreducible polynomials up to these k-isomorphisms. In [Ar] , Artin calculated the class number of quadratic function fields. One can see that our numerical data coincide with Artin's [Ar, in the real quadratic function field case.
Example 5.1. Assume q = 3. There is only one monic irreducible polynomial T of degree 1 up to the above k-isomorphisms. It is already known that h Table 2 . q = 3, deg P = 3 There is also one monic irreducible polynomial T 2 +1 of degree 2 up to the above k-isomorphisms. Table 2 .
There are six monic irreducible polynomials of degree 4 up to the above kisomorphisms. We only give the table for T 4 + T + 2 (Table 3) . Table 4 . q = 5, P = T 2 + 2
Then we Thus we have h(K + ) = 1. Moreover, the table for T 2 + 2 is Table 4 .
